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1. INTRODUCTION 
By a weight, we mean a positive Bore1 function w(x) on [0, co) which is 
essentially bounded on compact subsets of (0, co) and essentially bounded 
away from 0 on compact subsets of [0, co). For 1 <p < 03, we let Lp(o) be 
the Banach space of (equivalence classes of) complex-valued Lebesgue 
measurable functions f on [0, co) for which fw E LJ’[O, co), with the 
inherited norm 
Ilfllp,.w =IlfW, = ( jm IfN) “p. 
-0 
In a similar way, we define other weighted function spaces like L”O(w) and 
Co(w)* 
In this paper we study the structure of Lp(o) under the convolution 
product 
f * g(x) = lx f(x - t> k!(t) a 
0 
and under right translation by a > 0, which we represent as the convolution 
6, * J where 6, is the unit measure at a. We say that a vector space, L, of 
locally integrable functions, or equivalence classes of locally integrable 
functions, is right-translation invariant if 6, * f belongs to L whenever 
f E L and a > 0. 
In Sections 2 and 5 we give conditions for Lp(w) to be an algebra, and 
prove a variety of convolution formulas for the Lp(w). In Theorem (2.1) we 
show that L’(w) is an algebra precisely when w is weakly submultiplicative 
in the sense that w(x + y)/w(x) w(y) is essentially bounded with respect to 
two-dimensional Lebesgue measure, and in Theorem (2.2) we give a simple 
sufficient condition for L’(w) to be an algebra. Theorems (5.1) and (5.2) 
contain simple sufficient conditions for all L”(w) to be algebras. 
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Several recent papers have considered the structure of L’(o) when it is a 
radical Banach algebra [ 1, 2, 6, 7, 141, with particular emphasis on deter- 
mining the closed right-translation invariant subspaces, or, what is the same 
thing in the algebra case, the closed ideals. The terms needed to describe the 
main problem considered are given in the following definition. 
DEFINITION (1.1). If f is a measurable function on [O, co), then a(f) is 
the inf of the support of f (if f = 0 a.e., a(f) = co). If L is a space of 
locally integrable functions, a subspace of L is said to be standard if it is one 
of the spaces 
L,={fEL:f=Oa.e.on [d,co)}=(fEL:a(f)>d} 
for d > 0. If f E Lp(w) and adf) = d, then f is standard in Lp(w) if Lp(w), 
is the closed right-translation invariant subspace of LP(w) generated by $ 
The standard element problem is to determine for which f and (0 it is true 
that f is standard in Lp(o). Substantial partial results are given by Allan [l] 
and Domar [6, 71. We consider the standard element problem in Section 6. 
We show in particular, in Theorem (6.5), that for any locally p-integrable 
function f there is an w for which f is standard in all L”(w). 
The standard element problem was originally suggested by the analogous 
problem for Banach algebras of power series, which are weighted 
convolution algebras on the positive integers and therefore discrete analogues 
of Lp(o). For Banach algebras of power series, when the weights have 
sufficient regular growth, then every element is standard [ 13, 16, 18, 241. In 
this paper we have attempted to adapt the techniques we used to study 
Banach algebras of power series to the study of L’(m) and Lp(u) (see in 
particular Sections 4 and 5). Of course we use other techniques as well 
which were not used in the study of Banach algebras of power series. For 
instance, in Section 3, we show how it is possible to replace w with a more 
well-behaved function W for which all Lp(w) = Lp(W). 
Just as questions about Banach spaces and algebras of power series were 
often formulated equivalently in terms of weighted shifts (see in particular 
[ 13, 17, 18, 21, 24]), Embry and Lambert in their studies of weighted tran- 
slation semigroups (particularly in [ 10, 111) have considered some questions 
quite similar to those in papers on Lp(o). Instead of considering shifts, 
convolutions, and other operators on Lp(w), they consider the corresponding 
operators on the unweighted Lp-spaces. Also it has been pointed out to me 
by John Burns that weighted LP-spaces have also been studied as spaces of 
histories for functional differential equations (see in particular [3, 4, 221) and 
that some of the results in this paper, particularly Theorem (2.1), will be 
useful for such studies. 
WEIGHTEDCONVOLUTIONALGEBRAS 533 
2. L’(w) AS AN ALGEBRA 
In this section we give necessary and sufficient conditions on a weight w 
for L’(,w) to be an algebra or for Lp(w) to be a module over L’(w), and we 
also give a relatively simple sufficient condition. Our major results along 
these lines are given by the following two theorems, which we prove later in 
this section. 
THEOREM (2.1). If o is a weight on (0, 03) and 1 <p < 00, then the 
following are equivalent: 
(A) L’(o) is an algebra; 
(B) L’(w) * Lp(w) c LP(w); 
w w is weakly submultiplicative. 
THEOREM (2.2). Suppose that o is a weight and that there exist a > 0 
and d > 0 for which 
(i) o(x + a)/w(x) is decreasing for x > d, 
(ii) w(x + y)/w(x) w(y) is bounded for 0 < x, y < a + d, 
then cu is weakly submultiplicative and hence L’(w) is an algebra. 
Notice that hypothesis (i) of Theorem (2.2) holds in particular when 
w(x) = e -V(x) for some convex function q(x), and that hypothesis (ii) holds 
in particular whenever cu is bounded on [0, a + d]. Also notice that if L’(w) 
is an algebra, then it is a Banach algebra under an equivalent norm. In fact, 
whenever the convolution product defines a bilinear operator between Lp(o) 
spaces, on any other Banach spaces continuously imbedded in the Frtchet 
space of locally integrable functions on (0, co), then convolution is a 
bounded bilinear operator. For convolution is then separately continuous by 
the closed graph theorem and is therefore bounded [28, Theorem 2.17, p. 
511. 
To prove Theorem (2.1), we will need the following definition. 
DEFINITION (2.3). The number a > 0 is a right Lebesgue poinr of the 




LO+ h If(x) - f (al dx = 0. a 
Almost every point is a right Lebesgue point of f [23, Theorem 5, p. 255; 
27, Theorem 8.3, p. 1681; and in particular every point of right continuity is 
a right Lebesgue point. Also if f(x) Q g(x) almost everywhere, then 
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f(a) < g(a) whenever a is a right Lebesgue point of both f and g. We are 
now ready to prove the following Lemma, which is a quantitative version of 
the equivalence of (A) and (C) of Theorem (2.1), and which also proves that 
(2.1) (C) implies (2.1) (B). 
LEMMA (2.4). Suppose that w is a weight and that 0 < C < 00. Then the 
following are equivalent: 
(A) Ilf * glL,,& Cllfll,., II gll1.w; 
(B) w(x + y) < Co(x) w(y)@ almost every (x, y); 
(C) w(x + y) < Cm(x) w(y) when x, y, and x + y are all right 
Lebesgue points of o. 
Moreover the above equivalent conditions also imply that 
CD) Ilf * gll,,,< C Ilfll~,w IIgllp,w& 1 GP G ~0. 
Proof When (B) holds, a direct calculation shows that, for almost every 
X, 
If * d(x)+) G Clfwl * I WI(X). (2.5) 
Parts (A) and (D) now follow easily from the analogous formulas for 
unweighted Lp spaces [29, Vol. II, p. 252 1. (This part of the proof is essen- 
tially known.) 
Almost every x is a right Lebesgue point of o, and, for each fixed x, 
almost every y is a right Lebesgue point for which x + y is also a right 
Lebesgue point of o. Hence the implication (C) * (B) follow from the 
Fubini Theorem. 
We now prove that (A) implies (C). Suppose that a, b and u + b are all 
right Lebesgue points of o. For each positive h, let f,, and g, be the charac- 
teristic functions of [a, a + h) and [b, b + h), respectively, and let 
K,,=(h-Ix-hi)+ sothat 
and therefore 
I~,+, * W,lh2)ll G C II.WhlIIl g,lhlL 
where the norms are taken in L’(w). Since a and b are right Lebesgue points 
of o, 11 fh/h (1 and (( g,/h(( approach w(u) and w(b), respectively, as h + 0’. 
WEIGHTED CONVOLUTION ALGEBRAS 535 
Also 
< +I’” 1 w(x + a + b) - w(u + b)l dx, 
0 
which approaches 0 as h d O+, since a + b is a Lebesgue point of o. This 
completes the proof of Lemma (2.4). 
Proof of Theorem (2.1). The only thing left to prove is that (2.1)(B) 
implies (2.1)(C). When (2.1)(B) holds there is a positive number M such 
that 
Ilf * .dI,,w GMIlf IL II gllp4 
for all f in L’(w) and g in Lp(o). Now choose a and b so that a is a right 
Lebesgue point of o and so that b and a + b are right Lebesgue points of Wp 
(actually since o is positive and locally bounded, it has the same right 
Lebesgue points as &‘). Defining fh, gh, and K, as in the proof of Lemma 
(2.4), we have 
II4l+b * (K&h’+ up ))llIm ~~llfhl~lll., II &ll~l’pIlp,o. 
As before Iifh/hh,o and II dh”Pllp,o approach w(u) and o(b), respectively, 
as h-O+. Also, since l/h p+’ Ii” (K,,(x))~ dx = 2/(p + l), we also have 
lim ](6,+, * (Kh/(h’tL’P 
h-0 + 
)Ilp.w = (5) “’ 4~ + b). 
Hence o(u + 6) < M(@ + 1)/2)“” w(u) o(b), which proves Theorem (2.1). 
Whenever w is a weakly submultiplicative weight, it is clear from Formula 
(2.5) that all the usual convolution formulas for Lp spaces, and also for Co 
when w is continuous, [29, Vol. I, pp. 37-391 [ 19, p. 298 1, continue to hold 
for L’(w) and C,(w). We will exploit these formulas in Section 5. 
We are now ready to prove Theorem (2.2). The proof is adapted from our 
proof of the discrete analogue [ 15, Theorem (2.10), p. 6451. 
Proof of Theorem (2.2). A simple induction shows that whenever u > v 
and v - nu > d, for some positive integer n, then 
w(u) -< 
w(u - nu) 
w(fJ> w(u - nu) * 
536 SANDYGRABINER 
So if x and y are non-negative, we can find 0 <x0, y0 < a + d such that 




w(xo + Y> < 4% +Yo) 
4x0) W(Y) ’ 4X”) 4Yc.J ’ 
Hence w(x + y)/w(x) o(y) < sup {w(s + t)/w(s) w(t): 0 < s, t < a + d], and 
the proof is complete. 
A slight modification of the same proof yields the following stronger 
result. 
COROLLARY (2.6). Suppose that w is a weight and that there exist a > 0 
and d > 0 for which 
(i) w(x + a)/w(x) is decreasing on a subset of [d, co) whose 
complement in [d, a~) has measure zero; 
(ii) 4x + Y>lW) w(Y) . IS essentially bounded, with respect to two- 
dimensional Lebesgue measure, for x and y in some neighborhood of 0; 
then w is weakly submultiplicative so that L’(o) is an algebra. 
ProoJ Our definition of weight (see Section 1) implies that 
4x + Y)/(4X) 4Y)) is essentially bounded when x and y are restricted to a 
compact subset of (0, co). Hence (ii) implies that w(x + y)/(w(x) w(y)) is 
essentially bounded on [0, a + d]. The proof is now the same as that of 
Theorem (2.2) except for the care required to keep track of sets of measure 
zero. 
We now collect for easy reference some relatively well-known results 
about right translations on L”(W). Whenever LP(w), or any Banach space 
continuously imbedded in the space of locally integrable functions, is 
invariant under right translation by a, then the translation is a bounded 
operator. We let M,(a) = M(a) be the norm of the right-translation operator 
on Lp(w) (when Lp(w) is not invariant under right translation by a, we let 
M(a) = co). Then [9, p. 114; 4, Theorem 3 and Remark 4.6, pp. 101 and 
107; 12, Satz 2.51 
M,(a) = M(a) = ess. sup 0(x + a) 
4x1 * 
(2.7) 
Whenever L,(W) is an algebra it is invariant under right translations (see the 
discussion after Lemma (3.3) below, or Edwards’ different argument [9, 
p. 3901). The following Lemma collects for easy reference some properties, 
mostly known in some form or other, of M(a) as a function of a. 
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LEMMA (2.8). IfLp( ) w is right-translation invariant, then: 
(A) M(a + b) < M(a) M(b); 
(B) M(x) is lower semicontinuous and is bounded on compact subsets 
of(O1 cls>; 
(C) The semigroup of right translations is strongly continuous on 
(0, CQ), and is strongly continuous at 0 if and only tf M(x) is bounded near 
0; 
CD) ~Y)GM(Y - > ( > h a w a w enever a and y are both right Lebesgue 
points of 0; 
(E) ess. lim,,, sup We* < lim,,, fVf(~)i’~ <co. 
Proqfi Part (A) is clear. The semicontinuity of M(x) is [9, 
Proposition 1.16, p. 3761 or [4, Lemma 2, p. 961, and the boundedness is 
[20, Theorem 7.4.1, p. 2411. Part (C) is [4, Remarks 3.2 and 4.3, pp. 97 and 
1051 or [2, Lemma 1.61. It follows from Formula (2.7) and the remarks 
after Definition (2.3) that w(x $ t) < M(t) w(x) whenever x and x + t are 
right Lebesgue points of w. This proves (D). Part (E) now follows from (D) 
and the fact that lim,+, (M( y - a))“Y = lim,+, (M(y))“” exists and is finite 
[ 20, Theorem 7.6.1, p. 2441. This completes the proof. 
Notice that Formula (2.7) shows that hypothesis (ii) of Corollary (2.6) 
holds whenever M( y)/w( y) is bounded near 0. By Lemma (2.8) (C), this 
will be true in particular when L’(w) is invariant under right translations and 
the semigroup of right translations is strongly continuous. 
3. EQUIVALENT WEIGHTS 
We say that two weights o, and w2 are equivalent when both o,/wZ and 
02/o, are essentially bounded. For any 1 <p < co, this is the same as 
saying Lp(ol) = Lp(o,) [ 12, Satz 2.21. In this section we show that it is 
possible to replace w with a particularly well-behaved equivalent weight 
when the group of right translations on L’(o) is strongly continuous (see 
Theorem (3.1) for the details) and we also determine when o is equivalent o 
M, (see Theorem (3.2)). Many authors have proved results of this type 
under various hypotheses, both for weighted spaces on [0, co) [2, 
Lemma 1.1; 22, Theorem 1, p. 281 and on topological groups [9, Theorem 
4.4, p. 389; 12, Satz 2.7; 25, p. 831; for it is often easier to study weighted 
spaces when the weight has convenient continuity or monotonicity 
properties. In several of our proofs we will replace w by an equivalent 
weight, using the following theorem. 
THEOREM (3.1). Suppose that o is a weightfor which L’(w) is invariant 
409/83/2- I3 
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under right translations and that the right-translation semigroup is strongly 
continuous at 0. If M(x)/erX is bounded for large x, then there is an 
equivalent weight W for which 
(A) 6 is right continuous and of locally bounded variation; 
(B) G/e” is decreasing; 
(C) Zf L’(w) is an algebra, 6(x t y) < a(x) G(y) for all x, y > 0. 
Proof. By replacing w(x) by u(x)/erx, we may assume that M(x) is 
bounded for large x. Since M(x) is bounded near 0, by Lemma (2.8)(C), 
M(x) is then bounded by some constant M on [0, co). Also by Lemma 
(2.8)(D), o(x) is essentially bounded on [a, 00) for each a > 0. Hence we 
can define 
8(x) = ess.sup {u(t): t > x). 
W is clearly decreasing and right continuous, so to prove (A) and (B) we 
must only show that 6 is equivalent o w. 
Suppose that x is a fixed right Lebesgue point of w. It then follows easily 
that w(x) < G(x). For the converse inequality we note that, by Lemma (2.8) 
P), 
u(t) < M(t -x) u(x) < Mu(x) 
for almost every t > x. This proves that 0 is equivalent o w. 
Now suppose that L’(w) = L’(W) is an algebra. Since W is right 
continuous, all points are right Lebesgue points of 0. So, by Lemma (2.4), 
there is a number C for which 0(x + y) < G(x) W(y) for all x, y > 0. If 
C > 1, we simply replace W by the equivalent weight CG. This completes the 
proof. 
Notice that, by Lemma (2.8)(E), whenever L’(w) is invariant under right 
translations then there exists an r for which M(x)/erX is bounded for large x; 
so that the above theorem characterizes those o for which the semigroup of 
right translations on L’(o) is everywhere defined and strongly continuous on 
[O, 00). 
When W(X-)/w(x+) is unbounded, it is not possible to find a continuous 
weight equivalent o o. On the other hand if L’(o) is invariant under both 
left and right translations, so that w(x + a)/w(x) is both essentially bounded 
and essentially bounded below [4, Theorem 3, p. 1011, then w,(x) = 
I c+’ u(t) dt is a locally absolutely continuous weight equivalent to o (cf. 
[ 12, Satz 2.71). 
The next theorem characterizes the case when o is equivalent o M,. 
THEOREM (3.2). Suppose that L’(o) is invariant under right tran- 
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slations and that the semigroup of right translations is strongly continuous 
on [0, 00). Then o is equivalent to M, tf and only tf w is weakly 
submultiplicative and is essentially bounded near 0. 
It follows from Lemma (2.8) that M, is submultiplicative and is bounded 
near 0, so the necessity of the conditions on o is clear. The sufficiency 
follows from the inequalities in the following two lemmas. 
LEMMA (3.3). Suppose that C is a positive number and that o is a 
weight fir which w(x + y) < Cw(x) w(y) for almost every (x, y). Then 
M(x) < Co(x) whenever x is a right Lebesgue point of w. 
Proof Suppose that x is a right Lebesgue point of o. It follows from 
Lemma (2.4)(C) that whenever y and x + y are also right Lebesgue points of 
w. we have 
4x + Y&(Y) G C4x). 
But for almost every y > 0, both y and x + y are Lebesgue points of o. The 
proof now follows from Formula (2.7). 
Lemma (3.3) shows in particular that L’(o) is invariant under almost 
every right translation whenever it is an algebra. But if L’(o) is invariant 
under almost every right translation, it is then invariant under all right tran- 
slations. For if a > 0, we could always find x < a for which L’(w) is 
invariant under right translation by x and by a - x, and is therefore invariant 
under right translation by a as well. 
LEMMA (3.4). Suppose that L’(w) is invariant under right translations 
and that the essential lim sup as t -+ 0 of o(t) is K. Then w(x) <KM(x) 
whenever x is a right Lebesgue point of o. 
Proof Suppose that a is a right Lebesgue point of w. Then we can find a 
sequence x, decreasing to 0 such that lim w(a + x,,) = w(a); and we can also 
require that, for all n, both x, and a $ x, are right Lebesgue points of o, and 
that lim sup w(x,) < K. It then follows from Lemma (2.8)(D) that 
w(a + x,) < M(a) w(x,), for all n. Letting n -+ co, we obtain w(a) < KM(a), 
completing the proof of the Lemma, and also of Theorem (3.2). 
The following Corollary to Lemmas (3.3) and (3.4) gives another charac- 
terization of when L’(W) is an algebra, similar to the characterization in 
Theorem (3.2). 
COROLLARY (3.5). Suppose that L’(o) is invariant under right tran- 
slations and that o is essentially bounded near 0. Then L’(w) is an algebra 
tyand only ~fM/w is bounded. 
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ProoJ If M/o is bounded, it follows from Lemma (3.4) that o is 
equivalent o M. But then L’(o) = L’(M) is an algebra by Lemma (2.8)(A). 
Conversely if L’(w) is an algebra, it follows from Lemmas (3.3) and (3.4) 
that Q is equivalent o M. 
We can use Lemmas (3.3) and (3.4) to make the following addition to 
Theorem (3.1). 
COROLLARY (3.6). If w is essentially bounded near 0 and satisfies the 
hypotheses of Theorem (3.1) and if L,(w) is an algebra, then there is a 
weight 0 equivalent to w which satisjies the conclusions of Theorem (3.1) 
and for which ~5 = M,. 
ProoJ As in the proof of Theorem (3.1), we can assume that u is 
bounded. So, by replacing W with the minimum of 0 and 1, if required (cf. 
Proof of [2, Lemma l.l]), we can also assume lim sup,+, G(x) ,< 1. It then 
follows from Theorem (3.1)(C) together with Lemmas (3.3) and (3.4) that 
W(x) = M,(x) at all right Lebesgue points of 5. But 6 is right continuous, 
so every point is a right Lebesgue point of W. 
The following Corollary is an immediate consequence of Lemmas (2.8)(E) 
and (3.3). 
COROLLARY (3.7). Suppose that L’(o) is an algebra. Then the limit of 
u(x)vx as x -+ co on the right Lebesgue set of w exists and equals 
lim x+cc ~W- 
4. SPACES OF LEFT-TRANSLATED FUNCTIONS 
Suppose that L is a right-translation invariant Banach space of locally 
integrable functions, or equivalent classes of functions, on [0, co). The 
spaces, Y-“(L), defined precisely below, of left translates of functions in L 
will play an important role in our study of Lp(o), similar to the role played 
by their discrete analogues, S,(B), [ 15, Definition (2.6), p. 644; 16, 
Definition (2.3), p. 172; 17, Definition (2.4), p. 8; 18, Definition (3.2), 
p. 231, in our earlier study of Banach algebras of power series. 
DEFINITION (4.1). For each a > 0, Y-“(L) is the Banach space of all 
locally integrable functions on [0, co) for which 6, * f E L. The norm of f 
in Y-“(L) is taken as the norm of 6, * f in L. When the weight w is clearly 
understood, we often just write 9+” for ~+“(L’(w)). 
Notice that if Lp(o) is invariant under right translations and we set 
u,(x) = w(x + a) 
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then 
c4P-yLyw)) = LP(w,) (4.2) 
as Banach spaces. Also, in the case of most interest, when L’(w) is radical, 
each right translation is a one-one quasi-nilpotent operator (see Lemma 
(3.3) or Corollary (3.6)) on Lp(w); so that each Y-“(L”(w)) properly 
contains Lp(w). 
As in the discrete case, the Y-” are particularly useful in studying Lp(w) 
when some or all 9-O are algebras. The next theorem, which is a 
continuous analogue of [ 15, Theorem (2.10)(A), p. 6451, gives a simple 
sufficient condition for all Y-” to be algebras. 
THEOREM (4.3). Suppose that w is a weight and that there exist a > 0 
and d > 0 for which 
(i) w(x + a)/w(x) is decreasing on a subset of [d, CD) whose 
complement in [d, 00) has measure zero; 
(ii) w(x + y)/o(x) o(y) is essentially bounded for x and y in some 
neighborhood of zero. 
Then .Y-‘(L ‘(w)) is an algebra for all c > 0. 
Proof: The case c = 0 is just Corollary (2.6). So suppose c > 0 is fixed, 
and let w,(x) = w(x + c). It follows from our definition of weight that w, is 
essentially bounded and essentially bounded below on bounded 
neighborhoods of 0 in [0, co). Hence wi also satisfies hypotheses (i) and (ii) 
(even if w did not satisfy (ii)); and therefore, by Corollary (2.6), L’(o,) = 
Y-’ is an algebra. This completes the proof. 
Instead of the hypothesis that some o(x + a)/w(x) is decreasing or that 
some or all .Y-’ are algebras, Allan [ 1] assumes that all w(x + a)/w(x) are 
decreasing and Domar [7] assumes that w(x) = e-V’X’ with q convex. These 
two conditions are equivalent, since if all o(x + a)/o(x) are decreasing, then 
q(x) is measurable and mid-point convex, and therefore is convex [26, 
Theorem C, p. 2211. 
Just as in the discrete case [ 15, pp. 648-649; 16, pp. 174-175; 17, 
pp. l&-19], the assumption that some or all Yea(L) are algebras allows us 
to prove a number of useful multiplication formulas. Some formulas that we 
will need are given in the next two Lemmas (see also Lemma (5.5)). The 
notation in the Lemmas was explained in Definition (1.1). 
LEMMA (4.4). Suppose that L is a right-translation invariant vector 
space of (equivalence classes of) locally integrable functions on [0, 03) and 
that a > 0. 
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(A) Zf .S-“(L) is an algebra, then 3-“(L) * L, c L. 
(B) rfy-*“(L) is an algebra, then LYy--a(L)a * ,?“(L), E L. 
Proof: Suppose that f E J-“(L) and that g = 6, * g, E L,. If .4” -O(L) 
is an algebra, then f * g = 6, * (f * g,) E 6, * Y-“(L) c L. This proves 
(A). Suppose now that f = 6, * f, and g = 6, * g, . Both belong to Y-‘(L). 
If Ypza(L) is an algebra, then f * g = 6,, * (f, * g,) E 6,, * S‘-‘“(L) EL. 
This completes the proof. 
The following Lemma is a slight strengthening of Allan’s [ 1, Lemma 6 ] 
and Domar’s [7, Lemma to Theorem 11. 
LEMMA (4.5). Suppose that S‘-“(L ‘(co)) and Y-“(L”(o)) are algebras. 
Then there is a constant C for which 
llf, * f, - * f,ll ~~~“~~~~>llf,IIllfiII ..f lf,ll 
whenever all fi belong to Lp(w), and na is a right Lebesgue point of o. 
ProoJ Let C be the maximum of the multiplication constant for the 
algebras Yma(LP(co)) and Y-“(L’(o)), let wr(x) = o(x + a), and let M,(b) 
be the norm of translation by b on Y-‘(LP(w)) = Lp(wl). For each i, let 
J;: = 6, * gi. Denoting by /] . /] and ]] . /I’ the norms in Lp(w) and 
Y’-“(L”(w)), respectively, we have: 
Iif, * fi *** * f,ll = II&-l,, * LTI * g2 *** &/I’ 
OW - l>a> C”-’ II gIlI’ll g,ll’ ..a II g,II’ 
=4@- W~“~‘IIfillllf2/I ... Ilf,ll. 
But it follows from Lemmas (2.4) and (3.3) that 
M,((n - 1) a) < Cw,((n - 1) a) = Cw(na) 
when na is a right Lebesgue point of o. This completes the proof. 
The restriction in the above Lemma that na be a right Lebesgue point of w 
is not very severe, since for almost every a all na are right Lebesgue points. 
Alternately, when the semigroup of right translations is strongly continuous 
at 0, we can use Theorem (3.1) to replace w with an equivalent right 
continuous weight W. Then every point is a right Lebesgue point of W. 
5. Lp(o) AS AN ALGEBRA 
In this section we give relatively simple conditions on a weight w which 
guarantee that all Lp(w) are algebras. In Theorem (5.1) conditions are given 
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directly in terms of w, and in Theorem (5.2) they are given in terms of the 
YPa. We also give additional formulas for convolutions of functions from 
different Lp(w) (see Theorems (5.6) and (5.7) and Corollaries (5.8) and 
(5.9)). The following two theorems are the major results in the section. 
THEOREM (5.1). Suppose that L’(o) is invariant under right tran- 
slations and that the right-translation semigroup is strongly continuous. If 
there exist a, b > 0 and d > 0 for which 
(i) w(x + a)/@(x) is decreasing on a subset of [d, co) whose 
complement in [d, 00) has measure zero; 
(ii) w(x + b)/w(x) is integrable on [0, co); 
then all Lp(co) and 9+‘(Lp(o)) are radical Banach algebras for 1 <p < 00 
and c>O. 
THEOREM (5.2). Suppose that L’(o) is right-translation invariant and 
that the right-translation semigroup is strongly continuous. 
(A) IfLp(o) c 9’-b(L’(o)) and Yeb is an algebra, then Lp(w) is an 
algebra. 
(B) If, in addition, all 9-“(L’(w)) are algebras, then so are all 
9-“(L”(w)). 
The connection between the hypotheses of Theorems (5.1) and (5.2) is 
given by Theorem (4.3) and by the following simple Lemma. Recall that if 
1 <p Q co then p’ is the Holder conjugate of p if l/p + l/p’ = 1, where we 
interpret l/O = co and l/co = 0. 
LEMMA (5.3). Suppose that L’(w) is right-translation invariant, that 
b > 0: and that 1 <p < co. Then Lp(co) E cSppb(L1(co)) if and only if 
o(x -t- b)/w(x) belongs to Lp’[O, to), where p’ is the Holder conjugate of p. 
Proof Lp(o) G peb(L1(o)) precisely when, for all fo E Lp[O, co), 
f(x) w(x + b) E L’ [0, 00). But f(x) o(x + b) = (f(x) o(x))@ + b)/w(x)) 
belongs to L ’ for all such fw if and only if the function o(x + b)/w(x) 
belongs to LPI. 
In the proofs of Theorem (5.2), and the other convolution formulas in this 
section, we will consider separately functions with bounded support and 
functions f for which a(f) is sufficiently large. For functions with a(f) 
large, we can apply various multiplication formulas like those in Lemma 
(4.4). The next Lemma gives the appropriate formulas for functions with 
bounded support under surprisingly general hypotheses on o. 
LEMMA (5.4). Suppose that L’(W) is right-translation invariant and that 
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the right-translation semigroup is strongly continuous. Suppose also that 
f E Lp(co) has bounded support and that g E L9(w). If the convolution of an 
Lp function with bounded support with an Lq function always belongs to L’. 
then f * g E L’(o). The analogous result for the case that both f and g 
have bounded support also holds. 
Proof It follows from Lemma (2.8)(D) that 
If * s(x>4x>l< IfW * I PI(X) 
for almost every x. By definition gw belongs to L9. Also by the definition of 
weight, o is essentially bounded below on the support off, and, by Lemma 
(2.8)(B) and (C), M is bounded on the support of J Hence 
fM= (few?/ w is an Lp function of bounded support. This completes the 1 
proof. 
We are now ready to prove Theorems (5.1) and (5.2). 
Proof of Theorem (5.2). Suppose that f and g belong to Lp(co). Let 
g = g1 + 6, * g2, where g, E Lp(co) has bounded support and 
g, E Y-b(LP(co)). f * g, E Lp(w) by Lemma (5.4), since g, EL’(o). Let 
w,(x) = w(x + b). Then, by Formula (4.2), f belongs to the algebra L’(w,) 
and g, belongs to Lp(w,). So, by Theorem (2.1)(B), f * g, E Lp(w,), and 
therefore f * (6, * gz) E 6, * Lp(o,) c Lp(w). This proves (A). 
To prove (B), just apply (A) to the spaces CF-a(LP(w)) = Lp(w(x + a)). 
Proof of Theorem (5.2). Since w(x + b)/w(x) belongs to L’(7 L”, it 
follows from Theorem (4.3) and Lemma (5.3) that all Lp(w) satisfy the 
hypotheses of Theorem (5.2). Thus, we only need to show that Lp(w) is 
radical. 
By Theorem (3.1)(A), we may assume that w is right continuous. Then if 
c is a multiple of a and is greater than b, we have w(x + c)/w(x) is even- 
tually decreasing and integrable. Hence lim,+, w(x + c)/co(x) = 0; so that, 
by [2, Lemma 1.2(i)], lim,, o(x)“~ = 0. Hence L’(w) is radical, and 
therefore its ideal L’(o) n Lp(co) is radical. Since L’(w) n Lp(w) is dense in 
Lp(co), it follows that Lp(co) is radical as well. This completes the proof. 
Using the same idea as in the proof of Theorem (5.2), we can obtain the 
following Lemma. 
LEMMA (5.5). Suppose that L’(w) is right-translation invariant and that 
the right-translation semigroup is strongly continuous. If Y-b(Lp(~)) is an 
algebra, then Ypa(LP(w)) is an algebra whenever 0 < a < 6. 
Proof Since P-b(Lp(o)) = 9-cb-a’Lp(~(~ + a)), there is no loss in 
generality in assuming a = 0. As in the proof of Theorem (5.2), we need only 
show that f * g belongs to Lp(w) for f in Lp(o), and g in Lp(w). But since 
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Lp(w) c Y-“(Lp(o)), this follows from either Lemma (4.4)(A) or (B). This 
completes the proof. 
The next two theorems and their corollaries show that, as one might 
expect, convolution “improves” functions by slowing their rate of growth. 
Roughly speaking, we show that when the weight satisfies the hypotheses of 
Theorem (5.1), then the same convolution formulas hold for weighted Lp 
spaces on the half line as for unweighted Lp spaces on a compact group. The 
proofs do not actually use the full strength of hypothesis (i) of Theorem 
(5.1), but only that Y-2*(L1(~)) is an algebra (which, by Lemma (5.5), is 
slightly stronger than the hypothesis of Theorem (5.2)). 
THEOREM (5.6). Suppose that w satis$?es the hypotheses of Theorem 
(5.1) and that 1 <p Q q < co. If l/p + l/q = 1 + l/r> 1, then 
LP(oJ) * L9(W) E L9(w) n L’(w). 
Proof It is a classical result that Lp * L* G L’ [29, Vol. II, p. 252; 19, 
p. 2981; so it follows from Formula (2.5) that Lp(co) * L9(w) E L’(w). 
Suppose that f E Lp(w) and g E L9(w). If f has bounded support it 
belongs to L’(w), so it follows from either Lemma (2.4) or Lemma (5.4) that 
f * g E L9(w). Similarly, if g has bounded support, then f * g E Lp(o) n 
L’(w) c L9(o). On the other hand, if both f and g have support in [b, co), 
it follows from Lemma (4.4)(B) that f * g E L’(o) n L’(w) G L9(o). Since 
any function in L”(w) or L9(w) can always be decomposed into a sum of a 
functions with bounded support and a function with support in [b, co), this 
completes the proof. 
To simplify the statement of the next theorem, we let LF be the functions 
in L* with essentially 0 limit at ao, i.e., the closure in Lm of the space of 
function with bounded support. When w is continuous the space of 
continuous functions in L?(w) is just C,(w). 
THEOREM (5.7). Suppose that CO satisfies the hypotheses of Theorem 
(5.1) and that 1 Qp < q < co. If l/p + l/q < 1 and iff belongs to Lp(w) and 
g belongs to L9(o), then f * g is a continuous function in L9(w) n Lo3(o). 
Moreover tf neither p nor q is 00, or when one or both is 00, the 
corresponding functions belong to L,“(w), then f * g E L,“(w). 
Proof: As in the previous theorem, to show that f * g E L9(o) n L”O(w) 
it will be enough to consider the case where f and g have bounded support 
and the case where both have support in [b, co). Let p’ be the Holder 
conjugate of p, and recall the classical result [29, Vol. I, p. 38; 19, 
Theorem (20.16), p. 2951 that L* * Lp’ is composed of bounded continuous 
functions. 
Suppose that g has bounded support. By our hypotheses on p and q, g 
belongs to L’(o) and Lp’(co). Hence it follows from Lemma (5.4) that 
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f * g E Lp(o) * L”O(w) c L4(w) n L”(w). Similarly if f has bounded 
support, then f * g E L4(w) n L“‘(w). 
Now suppose that f = 6, * j and g = 6, * g have support in [b, co), and 
let wr(x) = o(x + 2b). Then 
J;E Y -b(L”(W)) E 9 - *b(Lqu)) = LP(w ,), 
and, similarly 
So, by Formula (2.5) applied to or, 
Hence f * g = 6,, * (j * g) E Lm(w). So, using Lemma (4.4)(B), we have 
f *gEL’(o)nL”O(w)ELq(W)nL”(W). 
Thus, in all cases, we have f * g in L4(m)nL”O(w). 
For each positive integer, n, let f, and g, be the restrictions off and g, 
respectively, to [0, n). Then f * g and f, * g, agree on [0, n). But by our 
definition of weight, o is bounded below, so f, * g, is a continuous function 
of bounded support and hence f * g is continuous. Moreover when lim 
f, = f and lim g, = g in Lp(w) and L4(u), respectively, then lim 
f, * g, = f * g in L”(w), so that f * g E Lo(o). This completes the proof. 
The conclusion in the previous two theorems that Lp(w) * Lq(w) c L9(w) 
when 1 <p & q < co, is a generalization of the fact that Lp(w) is an algebra. 
The rest of the conclusion of Theorem (5.7) shows, among other things, that 
when w is continuous and 2 <p < co, then L”(o) x Lp(w) c C,(o). To treat 
the case 1 <p < 2, we need to consider convolutions of more than two 
functions. We do this in the next Corollary which follows from Theorems 
(5.6) and (5.7) by straightforward induction (cf. [29, Theorem (1.19), Vol. I, 
p. 381). We omit the proof. 
COROLLARY (5.8). Suppose that w satisfies the hypotheses of Theorem 
(5.1) and that 1 <p, <p2 <p3 ... <p,, < co. 
(A) O- UP, + VP, ..e + l/p,, = (n - 1) + l/r > (n - l), then Lpi(w) * 
LP*(u) . * * * Lpn(u) c Lpn(u) n L’(W). 
(B) IfUp, + VP, a-. + l/p, < n - 1, then Lpi(w) * Lp2(w) . . . * Lpn(co) 
is composed of continuous functions in Lpn(w) n L*(o). Moreover if 
whenever some pi = co the corresponding function is in L?(w), then the 
convolution is in L?(w). 
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The following special case of the above Corollary is probably sufficiently 
useful to be worth stating separately. 
COROLLARY (5.9). Suppose that w is a continuous weight which satisfies 
the hypotheses of Theorem (5.1) and that 1 <p < CO. If n is greater than or 
equal to the Holder conjugate of p, then (Lp(w))*” E Lp(w) n C,(w). 
In addition to the conditions in this section which are based on 
considering the Y-“, there are direct, but in practice hard to verify, 
conditions on w which guarantee that Lp(o) is an algebra. These are tran- 
slations of the corresponding conditions for the discrete case of weighted lp 
spaces on the positive integers [ 18, Theorem 6.4, p. 36; 21; 24, Theorem 2, p. 
1931. Since the translations of the statements and proofs to [0, co) are 
straightforward (cf [ 1 l]), we omit the proofs. 
THEOREM (5.10). Suppose that w is a weight. 
(A) L’O(o) is an algebra if and only if (l/w * l/o) cu is essentially 
bounded. For continuous UJ this is also equivalent to C,(o) being an algebra. 
(B) For 1 <p < co, Lp(o) is an algebra if (l/op’ * l/wp’) gp’ is 
essentially bounded, where p’ is the Holder conjugate of p. 
(C) If 1 <p < 00 and LP(o) is an algebra, then l/xzp 
1: [ (l/‘o * (l/w)(t)) w(t)lP dt is a bounded function of x. 
6. STANDARD ELEMENTS AND SUBSPACES 
In this section we make a contribution to the problem of determining when 
f is a standard element in Lp(w) for 1 <p < co (see Definition (1.1) for the 
terminology we are using). In Theorem (6.5) we show that for each locally p- 
integrable function f, there is an o for which f is standard in LQ(w) for all 
1 < q <p; and in Theorem (6.6) we give a slight generalization of Allan’s 
result [ 1, Corollary to Theorem 41 which shows that functions sufficiently 
well behaved in a neighborhood of 0 are standard. We start with some 
simple lemmas which help us recognize standard elements. 
Throughout this section we let u(x) be the function which is identically 1 
on [O? co), and for any space, L, of functions on [0, co) we let 
L#={a&+f:aERandfEL}, 
where 6, is the unit measure at 0 and is therefore the identity under 
convolution. Also throughout this section all weights w will be essentially 
bounded at 0 and will have Lp(o) right-translation invariant. 
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Our first two results identify some specific standard elements and show 
how to use known standard elements to find others. Both Lemmas are really 
special cases of deep results of Allan [ 1, Theorem 31 and Domar [ 7, 
Theorem 11. We include proofs because the proofs are relatively elementary 
and the lemmas as stated here are adequate for our purposes. The first 
lemma is just an adaptation of a standard method of treating convolution 
equations of the first kind [5, pp. 308-3091. 
LEMMA (6.1). If f is the restriction to [0, az) of an entire function of 
exponential type and tf a > 0, then 6, * f is standard in Lp(o) whenever 
L”(o) is a radical algebra. 
Proof Suppose that f has a zero of order k - 1 2 0 at the origin. Then 
f=U*k * (b&, + g), where b = fck-” (0) # 0, and g is the kth derivative off 
and therefore also of exponential type [5, pp. 196-1971. Hence g also 
belongs to the radical algebra Lp(co) and therefore 
LP(W) * 6, * f = LP(o) * 6, * U*k, 
which is dense in Lp(w),. This completes the proof. 
LEMMA (6.2). Suppose that Z is a closed right-translation invariant 
subspace of Lp(co). If I contains a standard element, then I is standard. 
Proof By hypothesis, I1 Lp(w), for some c > 0. The restriction map 
induces a Banach space isomorphism from Lp(co)/Lp((u), onto L”[O, c). But 
every right-translation invariant subspace of Lp[O, c) is standard [ 1, Section 
3; 8, Example 3, pp. 1033-10341. So there is an a Q c with 
Z -= LP(w)a . 
L”(u), LP(w), 
Hence Z= Lp(o), is standard. 
It has been recognized that a solution of the standard element problem for 
a class of functions with a(f) = 0 usually leads to a solution for a 
corresponding class with general a(f) (see, e.g., [ 1, Section 4 and Lemma 
41). In the following lemma we prove that this is in fact always true. 
LEMMA (6.3). Suppose that YWa(Lp(w)) is a radical algebra. If 
f = 6, * f belongs to L”(o), then the following are equivalent: 
(A) f is standard in Lp(w), 
(B) f is standard in .Y-“(Lp(w)), 
(C) f is standard in Y-“(Lp(w)). 
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Proof: Let f, = 6, * j;, be a sequence of functions in the span of the set 
of right translates of f, and let g = 6, * S be a right-translate of an entire 
function of exponential type. Since right translation by a is an isometry from 
,ip-‘(Lp(w)) onto Lp(o),, g = lim f, is in Lp(w) if and only if g = lim J;, is 
in Y-“(Lp(w). This proves the equivalence of (A) and (B). Moreover, since 
LP(o) is continuously imbedded in cS”-a(LP(~)), it is clear that (A) implies 
0. 
Suppose now that f is standard in sP-a(LP(~)). By the same argument as 
above, 6, * f is standard in Lp(w). But, by Lemma (6.2), this implies that f 
is also standard in Lp(w). This completes the proof. 
Notice that if f belongs to Lp(w), instead of just Y-‘(Lp(w)), then the 
above Lemma shows that f is standard in Lp(w) if and only if f = 6, * $ is 
standard in Lp(o). 
Our final Lemma relates standard elements in LP(w) and L’(w). The 
hypothesis is essentially the same as that of Theorem (5.2), and is therefore 
weaker than the hypothesis of Theorem (5.1). 
LEMMA (6.4). Suppose that f E Lp(w) E 9-a(L’(~)) and that 
Y-a(L’(o)) is a radical algebra. Then f is standard in Lp(o) ifand only if 
it is standard in Y-‘(L’(w)). 
We omit the proof, which is essentially the same as the proof of the 
equivalence of Lemma (4.3)(A) and (C). We are now ready for our first 
major result on standard elements. 
THEOREM (6.5). If g is a locally integrable function on [0, co), then 
there is a continuous weight cc) which satisfies the hypothesis of Theorem 
(5.1) (so that all Lp(w) are radical algebras) and for which g is a standard 
element of Lp(w), 1 < p < 00, whenever g is locally p-integrable. 
Proof: Let p0 = sup {p: g E Lf,,}, and define a sequence {p,} with limit 
PO by: 
(a) p,, = p. if p. < co and g is locally PO-integrable; 
(b) pn strictly increases to p otherwise. 
For each positive integer n, the restriction of g to L’[O, n) is standard in 
L’[O, n) [I, Section 3; 8, Example 3, pp. 1033-10341, so there exists a 
function g, in the span of the right translates of g for which I,” 
1 g, - u ] < (1/2n). Therefore there is a continuous weight o which satisfies: 
(i) 0 < o”(x) < 1 for all x; (ii) w,(x) = 1 on [0, n]; (iii) 
g E L ‘(~0,) n Lpn(w,); (iv) JF 1 g, - u I w, < l/n. 
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We now define: 
Q(x) = 17 w,(x); 
n=1 
n(x) = inf{cG(t)/ti(t - 1): 1 ,< t <x}; 
o(x) = 1 7 o<x< 1 
=e l -“L(x) w(x), 1 <x. 
Since the product defining W(x) is really a finite product for each x, G(x) is 
well defined and continuous and n(x) is decreasing and continuous. Since 
A( 1) = 1, o(x) is also continuous. Moreover w(x + 1)/w(x) = e-“1(x + 1) is 
decreasing and integrable, so o satisfies the hypotheses of Theorem (5.1). 
It follows from (i), (ii), and our definition of (3 and o, that, for all n and 
x, we have 
0 < w(x) < fqx) < W”(X). 
Hence, by (iii), g E LP(o) whenever g is locally p-integrable. Moreover it 
follows from (iv) that 
! omlg,-u/~< l/n 
for all n. So, by Lemma (6.1), g is standard in L’(w). Also, by Lemma 
(5.3), Lp(w)cY-i@‘(w)), and Lp(o) and joP1(L’(w)) are radical 
algebras by Theorems (4.3) and (5.1). Hence, by Lemmas (6.3) and (6.4), g 
is standard in Lp(o) for 1 <p < co, whenever g belongs to L”(o). This 
completes the proof. 
The following Theorem, and its proof, are both extensions of Allan’s [ 1, 
Theorem 4 and its Corollary]. A roughly equivalent result to Allan’s with a 
different proof, is Domar’s 17, Theorem 31. 
THEOREM (6.6). Suppose that w is a weight satisfying the hypothesis of 
Theorem (5.1), that f E Lp(w), and that k is a positive integer. If 
(i) lim,+, (co(t))y'k = 0; 
(ii) lim,+, t’(w(t))“’ = 0 for all r > 0; 
(iii) f is k-times continuously dlflerentiable on some neighborhood of 
0, and f (k-')(0) # 0; 
then f is a standard element in Lp(w). 
Our proof will not quite make use of the full strength of the hypotheses of 
Theorem (6.6). Instead of the hypothesis of Theorem (5.1), we use the 
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weaker hypothesis of Theorem (5.2). Instead of requiring that f’“-“(x) be 
continuously differentiable, we will only need it to be absolutely continuous 
on some [0, a). Of course these weaker hypotheses are more intricate and are 
harder to verify for any given f and w. 
If k :> 1, hypothesis (ii) is automatic. In fact if lim sup Oaks < 1 for any 
b > 1, then hypothesis (ii) holds (for an equivalent form of hypothesis (ii) see 
[ 8, Formula (14)]). 
For the proof of Theorem (6.6) we will need the following bounded- 
moment lemma. 
LEMMA (6.7). Suppose that g is a bound&d measurable function on 
(0, 00) and that k is a positive integer for which lim,_, ] g(t)]U’k = 0. IfA > 0 
and 
tnk+(k-l)g(t) dt = O(A”), 
then g(t) = 0 almost everywhere on [Ak, CD). 
Proof: The case k= 1, which is a nice application of the Paley-Weiner 
theorem, is given by Allan as part of his proof of [ 1, Theorem 41. For k > 1, 
let h(t) = g(tllk). Then lim,_, h(t)“’ = 0 and 
lj;f”h(t)df 1 =0(/l”). 
So by the case of the Lemma for k = 1, we have h(t) = g(t”“) vanishes for 
almost every c > A. This completes the proof of the Lemma. 
Proof of Theorem (6.6). We first suppose p = 1. By Theorem (3.1) there 
is no loss in generality in assuming that w is right continuous, so that each 
point is a right Lebesgue point for o. Also by hypothesis (iii) there is an 
interval [0, a) on which f = Use * (as, t h), where a # 0 and h E L’[O, a). 
Extend h to be 0 on [a, co), Then h belongs to the radical algebra L’(o) and 
therefore f * (ad, t h)-’ belongs to the closed ideal generated by f, so there 
is no loss in generality in assuming that f(x) = u*“(x) = xk-‘/(k- l)! on 
[O, a). 
Now let g be an element of L”(l/w), the dual space of L’(w), which 
annihilates the ideal generated by J We must show that g = 0 almost 
everywhere. An application of Titchmarsh’s convolution theorem shows that 
it is enough to show that g has bounded support (see the proofs of [ 1, 
Theorem 21 or [ 7, Theorem 1 I). 
Let u=u*~- f, which belongs to L’(w),. Since L’(o) is a commutative 
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algebra, each Use” - Vet belongs to the ideal generated by Use - u =J: So, 
for all positive integers n, 
-cc 
I 
U*kng = Cm v*lg. 
Jo Jo 
So, taking the norms of v and g in L’(W) and its dual space Lm(l/o), 
respectively, and using Lemma (4.5), we have that there exist constants B 
and C for which 
II m tnk+ (k- “g(t) dt < (nk + (k - l))! )I v*n(l I( gll 0 
< B (I gl( /Iv Ifn C”w(na)(nk + (k - l))!. 
But, by hypothesis (ii) with r = k/a, we have for sufficiently large n that 
w(nc2) = [o(na)“na]n= < (l/(na))‘“” = (l/a)“” (l/n)““. 
Since lim t+m g(t)“‘” < lim,, ~(t)“‘~ = 0, it now follows from Lemma (6.7) 
that g has bounded support. This completes the proof in the case that p = 1. 
Suppose now that 1 <p < co. By hypothesis, there is a b > 0 for which 
f E Lp(w) c Y-“(L’(W)). So, by applying the case p= 1 to 
w,(x) = 0(x + b), we see that f is standard in Y-“@‘(w)) = Lp(o,). The 
theorem now follows for p > 1 by Lemma (6.4). 
Notice that there are LO, such as w(x) = exp(-e’), which satisfy the 
hypotheses of Theorem (6.6) for every k. For these weights any f with some 
fn) absolutely continuous and f’“‘(O) # 0 will be standard. Also, combining 
Theorem (6.6) and Lemma (6.3) gives a sufficient condition for f with 
a(f) > 0 to be standard. 
Note added in proof. Yngve Domar has shown that if w(x) is logarithmically concave and 
also satisfies a growth condition a bit stronger than that in Theorem (6.6)(ii), then all 
elements in Lp(u) are standard. His results will appear in his paper, “Extensions of the 
Titchmarsh Convolution Theorem with applications in the Theory of Invariant Subspaces.” 
Professor Domar has also pointed out to me, in a private communication, that hypothesis (i) 
of Theorem (6.6) above, is not needed, because u*(~“+~) - u*” * Use belongs to the ideal 
generated by f, so we obtain an estimate for all moments of g(r). I want to thank both 
Professors Domar and H. G. Feichtinger for helpful comments on a preprint of the present 
paper. 
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